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Cooperation phenomena are ubiquitous and essential in natural and human sys-
tems. Cooperation has played a key role throughout evolution. Self-replicating cells
have cooperated to form multicellular organisms throughout evolutionary history. Sim-
ilarly, animals cooperate in families to raise their offspring and in groups to prey and
to reduce the risk of predation. Cooperation has been conveniently formulated in the
framework of evolutionary game theory for investigating cooperation between unre-
lated selfish individuals. The famous Prisoner’s Dilemma (PD) game captures the
essence of the problem how collective cooperative behavior may survive in a world
where selfish actions provide a short-term higher benefit.
When populations are assumed infinite and well-mixed, noncooperative behav-
ior prevails. However, a plethora of biological, social, and technological real-world
networks of contacts are mostly heterogeneous. So the studies of cooperation in fi-
nite, spatially structured populations have attracted considerable attention, originating
from fields ranging from sociology to biology, ecology, economics, mathematics, and
physics, to name a few. It has also been shown that increasing heterogeneity favors the
emergence of cooperation. Importantly, cooperation can be enhanced significantly in
the so-called scale-free networks, specially the famous Barabasi-Albert (BA) networks.
While progress has been made in understanding general properties of social networks
for enhancing cooperation, the question why BA networks possess such a great poten-
tial of cooperation enhancement remains poorly understood.
We have discovered a kind of perfect networks–Apollonian networks (ANs) and
identified the significant topological conditions in scale-free networks for the evolution
of cooperation. On ANs, cooperation can spread over the whole population throughout
the entire Pareto-efficient parameter range, even though initially only 3 or 4 most-linked
nodes are occupied by cooperators and all others by defectors. This is an exciting
finding for studying the evolution of cooperation in structured populations, specially
those described by scale-free networks.
For understanding so powerful potential of Apollonian networks on cooperation
promotion, we investigate the underlying topological properties listed as follows:
(1) They are scale free networks with low degree exponent.















(3) They possess great local topological conditions for cooperation to stabilize:
higher gradient and topology potential. These two quantities have been intro-
duced by us to establish the correlation of node’s local topological conditions
with its strategy preference in BA networks.
(4) They have a special underlying global structure, which we call it degree-skeleton.
What is more, degree-skeleton can also be employed to explain why the popular BA net-
works possess much greater potential of cooperation enhancement than random scale-
free networks. The deeper insight is that degree-skeleton can naturally lead to merging
of several cooperator clusters to one. This implies that degree skeleton indeed pro-
vides an important pathway for cooperation stability to spread over the whole network
and is essential for enhancement as well as organization of cooperation on scale-free
networks. Due to usually asymmetrical interactions between highly-linked nodes and
other nodes, we believe our findings will have a broad application and significance in
understanding the collective behaviors in network structured populations.
Our another part of work is to investigate a more realistic model taking into ac-
count that individuals have the capacity to immigrate with breaking old links and es-
tablishing new links, leading to an adaptive coevolution of strategy and structure. We
explore the coevolution of cooperation and network topology by modeling evolutionary
dynamics under natural selection including fertility selection, mortality selection and
both, respectively. Our findings are summarized as follows:
(1) Under only fertility selection, the coevolution of general interactions can be well
described by mean-field or pair approximation. The cooperation frequencies at
equilibrium states go through a phase transition. Surprisingly, the simple rule
for cooperation enhancement in network reciprocity just results from the parent-
offspring link. Our simulation results verify the analysis.
(2) Under only mortality selection, by introducing a new self-organized structure–
cooperating k-core, we find that the intensity can divide the coevolutionary dy-
namics into three regions as follows:
(a) Mean-field description: at low intensity, cooperators and defectors will be
randomly connected, and the cooperation level is enhanced to some extent
due to more links of cooperators.
(b) Self-organization of cooperating cluster and cooperating k-core: at interme-














cooperating cluster. With increasing the intensity, cooperators will strug-
gle to get more and more cooperative neighbors and the single cooperating
cluster gets tighter and tighter, resulting the emergence of cooperating k-
core with larger and larger k and enhancement of cooperation.
(c) The collapse of cooperating k-core: Increasing the intensity further leads to
the collapse of cooperating k-core and decreases the cooperation level.
So the formation and maintenance of the cooperating k-core coordinate with each
other to maximal cooperation level.
(3) The case with both selections promotes cooperation significantly and hold the
same dynamics with the one under only mortality selection. Especially, coopera-
tion frequency shows a power law decay under the infinite intensity of mortality
selection. We find that the infinite intensity can transform the payoff matrix of
PD game and leads the dynamics into the regime of neutral evolution.
Our findings will pay the way for our understanding the effect of individual’s
mobility on the evolution of cooperation in network structured population.
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